Abstract. We give an enumeration of all positive definite primitive Z-lattices in dimension ≥ 3 whose genus consists of a single equivalence class. This is achieved by using bounds obtained from the Smith-Minkowski-Siegel mass formula to computationally construct the square-free determinant lattices with this property, and then repeatedly calculating pre-images under a mapping first introduced by G. L. Watson in [13] . We hereby complete the classification of single-class genera in dimensions 4 and 5 and correct some mistakes in Watson's classifications in other dimensions. A list of all single-class primitive Z-lattices has been compiled and incorporated into the Catalogue of Lattices [8] .
Statement of results
This article gives an algorithm for finding, up to equivalence, all primitive positive definite Z-lattices with class-number 1 in dimension ≥ 3. Computation on genera of lattices is performed by means of a set of separating local invariants (a genus symbol ) developed by Conway and Sloane ([4, Chapter 15]). A mass formula, stated by the same authors in [3] but dating back to contributions by Smith (1867), Minkowski (1885) and Siegel (1935) provides effective bounds to the number of local invariants that need to be taken into account, thus making the enumeration computationally feasible.
1.1. Single-class lattices in dimension ≥ 3. There has been extensive research on single-class lattices. G. L. Watson (1909 Watson ( -1988 proved in [13] that single-class Z-lattices cannot exist in dimension n > 10 and, in a tremendous effort, tried to compile complete lists of single-class lattices in dimensions 3-10 using only elementary number theory ([15, 18, 17, 16, 23, 22, 21, 20] ). While he succeeded in classifying most of these lattices, he found the case of dimension 4 and 5 to be exceedingly difficult and classified only a subset of the single-class lattices. In the remaining dimensions, aside from having missed some lattices in dimensions 3 and 6, Watson's results turn out to be largely correct.
In this work, all of the lattices missing from his classification have been found for what we believe is the first time. Partial improvements have been published before, notably for the three-dimensional case in a publication by Jagy et al., [7] , whose results agree with our computation. Another such improvement concerns the subset of single-class Z-lattices in dimensions 3-10 which correspond to a maximal primitive quadratic form -this has been enumerated by Hanke in [5] . Again, these results agree with ours.
1.2.
The two-dimensional case. G. L. Watson found the case of dimension 2 to be intractable, but these lattices can (and in fact have been) classified by capitalizing on a connection to class groups of imaginary quadratic number fields. This classification is proven complete only under the assumption that the Generalized Riemann Hypothesis (GRH) holds, in which case the discriminant of a single-class primitive 2-dimensional lattice is bounded by 1.4×10
6 , cf. [1, Corollary 3] . If GRH does not hold, a small number of further single-class lattices with yet unknown discriminant may exist.
A classification of the discriminants occuring in the two-dimensional case if GRH holds can be found in [12] . For completeness's sake, we have applied our algorithms to the reduced binary quadratic forms corresponding to square-free discriminants computed by Voight, thus producing the complete (barring a refutation of GRH) list of single-class primitive lattices in dimension 2.
The algorithms presented in this article could produce an independent classification if there were an effective lower bound to the class-number h(∆) of an imaginary quadratic field of discriminant ∆. The best currently known bound that does not assume GRH (due to Zagier 1983/Oesterlé 1984) grows in log(|∆|), but growth in at least |∆| is needed for bounding the mass of a 2-dimensional single-class lattice.
1.3. Results. Our main result, the complete list of single-class primitive Z-genera in dimensions 1-10 and Gram matrices of their representatives, has been incorporated into the Catalogue of Lattices [8] . Tables containing only the genera, and only in dimension ≥ 4, can be found in the appendix.
An additional contribution of this work is a number of essential algorithms for computation on genera of Z-lattices. All of these algorithms have been implemented in Magma [2] and are available on request.
Preliminaries
Basic definitions and lemma. Let R = Z or the completion R = Z p for some p ∈ P. By an R-lattice L we mean a tuple (L, β), where L = b 1 , . . . , b n is a free R-module of finite rank n ∈ N and β : L × L → Quot(R) is a symmetric positive definite bilinear form. We call the matrix G :
We call a lattice L quadratic-form-maximal if either L is even and the associated quadratic form is maximal, or if L is odd and the quadratic form associated to 2L is maximal.
Recall the definition of a genus: two Z-lattices L 1 , L 2 are said to be in the same genus if the quadratic lattices Z p ⊗ L i (i = 1, 2) are isometric for all primes p ∈ P ∪ {−1}, with the convention that Z −1 := R. It is well known that genera are finite unions of isometry classes.
If L is an R-lattice with Gram matrix
By rescale(L) we mean the unique scaled lattice α L := (L, αβ) with the property that Gram( α L) is integral and primitive. By L # = {ax : x ∈ L, a ∈ Quot(R), β(ax, L) ⊆ R} we mean the dual of a lattice L, and for p ∈ P we define a partial dual by
# , and does not change a lattice's class number.
Jordan splitting. We remind the reader of the Jordan splitting of Z p -lattices: a Zlattice L can be p-adically decomposed into an orthogonal sum
only. We will call the lattice p-adically square-free whenever,
, and strongly primitive whenever dim(L 0 ) ≥ 1 2 dim(L) for all p-adic Jordan decompositions. For 2 = p ∈ P, the Jordan decomposition is unique up to isometry of the components. Much of the complication in computations with genera of lattices arises from the fact that a Z 2 -lattice can have many essentially different Jordan decompositions.
The dimensions of the L i are, however, unique even for p = 2.
The genus symbol. There have been many descriptions of complete sets of real and p-adic invariants of genera of lattices L over Z. We will adopt the notion of a genus symbol sym(L) that has been put forth by Conway and Sloane in [4, Chapter 15] , because it appears to us to be the most concise in terms of understanding and computing the 2-adic invariants.
We assume basic familiarity with this symbol and only note that sym(L) is a formal product of lists of tuples for each prime p dividing 2 det(L), with each tuple corresponding to a Jordan component p
2 and (for p = 2) an invariant taking either a value based on trace(L i ) mod 8 (called the oddity of L i ), or the value "II" if L i is an even Z 2 -lattice. These tuples are abbreviated as (p i )
, with the subscript present only for p = 2.
2 ∼ = C 2 × C 2 can then be obtained from ε and the oddity. Whenever a set of local invariants satisfies the existence conditions given in [4, Theorem 11] , a Z-lattice with these local invariants exists.
Single-class lattices
A fundamental method used in Watson's classifications is a strategy of descent that transforms a primitive integral quadratic form f into another form f ′ whose corresponding Z-lattice has shorter Jordan decomposition at a given p ∈ P. For his original definition in terms of quadratic forms, cf. [19, Section 2] . We reformulate this strategy for Z-lattices:
Remark 3.2. The following properties of the Wat p mappings justify the term "strategy of descent":
(1) The Wat p mappings are compatible with isometries and extend to welldefined functions on genera of Z-lattices with the property Genus(Wat p (L)) = Wat p (Genus(L)).
In particular, the Wat p do not increase the class-number. We will make use of Watson's work one more time by citing the following result:
Strategy
Square-free lattices. In dimension n ≥ 3, enumerating single-class square-free Z-lattices is much easier than enumerating all single-class Z-lattices. This is due to three facts about single-class square-free lattices L:
(1) there is a bound to the primes p that can possibly divide det(L), cf. Table 1 (2) for p| det(L), the number of possible p-adic invariants is very limited since the p-adic symbol is of the form 1 ±a p ±b with a + b = n (with a few more invariants for p = 2). (3) if sym(L) is known, it is usually easy to construct a Gram matrix of L. In Section 6, we will elaborate on these assertions and outline an enumeration algorithm.
Completing the classification. By reversing the strategy of descent described in Remark 3.2, the list of all single-class lattices can be obtained if the single-class square-free lattices are known and one manages to construct pre-images of lattices under the Wat p mappings. Because Wat −1 p can easily be computed on genera of lattices, this idea turns out to be computationally feasible and will be described in more detail in section 7.
The mass formula
We assume basic familiarity with the Minkowski-Siegel mass formula, which relates the mass of a lattice L:
to the local invariants comprising sym(L). By "lattice", we mean a definite Z-lattice. Clearly, if L is a single-class lattice, then L must fulfill the mass condition. We will use a modern formulation of the mass formula, put forth by Conway and Sloane in [3] . The following paragraph gives a simplified overview of those parts of the mass formula which are relevant to our computations:
Mass calculation and approximation. When all local invariants are trivial, i.e. det(L) ∈ Z * , the mass of a lattice in dimension 2 ≤ n ∈ N, and of discriminant
s det(L) where s := n 2 , is the standard mass:
In this formula, ζ D (s) = 1 if n is odd, and otherwise:
where D p is the Legendre symbol. Finally, mass(L) is obtained from the standard mass by multiplying with correction factors at all primes p dividing 2 det(L). Unlike the standard mass, these depend on its p-adic Jordan decompositions. Let
is odd, and otherwise ε ∈ {−1, 1} depends on the species of the orthogonal group O dim(Li) (p) associated with L i , which can be determined from the p-adic invariants of Genus(L).
The precise description of m 2 (L), which can differ from m p (L) as stated above by certain powers of 2, is slightly more complicated and not relevant to our calculations.
The algorithm we are going to introduce depends on having a lower bound for the standard mass std n (D) in dimension n, independent of the discriminant D. This can be obtained as follows:
which converges for any s > 1. Multiplying by ζ(s), and using * for Dirichlet convolution:
Remark 5.3. For n = 2, similar estimates are much harder to come by. ζ D (1), which differs from the more commonly used L-series L(1, χ D ) only by the factor for p = 2, is known to converge as long as |D| = 1. By the class number formula,
for square-free D < 0. Yet, as was mentioned in the introduction, no "good" bound to the class number h(D) (that is, one that grows at least as fast as |D|) is known which does not require GRH, and the classification of 2-dimensional single-class lattices under the assumption of GRH is already wellknown, cf. [12] .
Corollary 5.4. Whenever n > 2 is even, there is a lower bound s(n) for the standard mass of a lattice of even dimension n = 2s, independent of its determinant:
For odd n, by definition, std n (D) does not depend on D at all.
6. Enumerating single-class square-free lattices 6.1. Candidate genus symbols.
Lemma 6.1. Let K and L be square-free primitive lattices in dimension n ≥ 3 whose local invariants differ only at a single prime p ∈ P, where K has trivial invariants and
, where
The factor
2 is only present if n is even.
and
and for k = 0, 1, with the last factor present only if s k > 1:
Finally, we have m q (L) = m q (K) and std q (L) = std q (K) for all p = q ∈ P. Applying Lemma 5.2 and the trivial inequality ζ D (s) ≤ ζ(s) to the standard masses, we obtain, for n even:
For odd n, the factor ζ D is not present in the standard mass, so in that case
Remark 6.2. Changing only one of the local invariants usually violates the existence conditions for genera, meaning that the manipulated symbol does not correspond to any Z-lattice. The mass formula can be evaluated for invalid genera, so Lemma 6.1 can be applied repeatedly to any square-free lattice L, resulting in a lower bound to the mass of L in terms of the mass of the n-dimensional standard lattice.
Obviously, the bound a n (p) from Lemma 6.1 is monotonously increasing in both n and p. This facilitates the calculation of a maximal prime that can divide det(L) for a lattice L that fulfills the mass condition.
where a n (p) is the lower bound defined in Lemma 6.1. Let
Let s(n) denote the lower bound to std n (D) obtained from Corollary 5.4.
Remark 6.4. The values of B(n), 3 ≤ n ≤ 10, are given in Table 1 .
in mass(L) depends only on the 2-adic invariants of L, and not on the p-valuation of det(L) for p = 2. The precise definition of m 2 (L) is of little interest to this article, and we only remark that since there is only a finite number of possible 2-adic invariants for L, two(n) is well-defined for any 2 ≤ n ∈ N. Its values for 3 ≤ n ≤ 10 are given in Table 1 .
Since the mass condition from Definition 5.1 must be satisfied for any single-class lattice L, maxprime(n) is the largest prime that can possibly divide det(L) if L is square-free and single-class. We give the values of maxprime(n), 3 ≤ n ≤ 10, in Table 1 . The knowledge of maxprime(n) for n ≥ 3 allows a generation algorithm for single-class square-free genera in dimension n ≥ 3: Algorithm 6.7. Given: Some integer n ≥ 3. Output: a list containing every genus symbol of single-class square-free lattices in dimension n (and possibly other symbols of non-single-class lattices).
(1) Enumerate the possible 2-adic invariants T and p-adic (2 = p ∈ P) invariants O p of square-free lattices in dimension n (2) for each 2-adic invariant t∈T:
• set symbol:= [[2, t]] and mass := s(n)m 2 (t)std 2 (t)
• apply a standard backtracking strategy to determine the sets of p-adic
. We interpret these sets as (global) genus symbols g.
• for each of the genus symbols g thus obtained, because det(g) is now known, the exact value of mass(g) can be calculated. If g fulfills the mass condition, output g. The correctness of this algorithm follows from Lemma 6.1. This is essentially a single-purpose algorithm to be called only once with inputs n = 3, 4, . . . , 10 and our implementation produced the candidate list reasonably fast.
We now need to construct all of the candidate genus symbols as (Gram matrices of) lattices, as there is no possibility to decide whether a lattice L is single-class if only the genus symbol sym(L) is known.
6.2. Construction of lattices. The existence theorem [4, Theorem 11] for genus symbols guarantees that one can find a lattice with a given (valid) genus symbol, but there is no constructive proof, not even for square-free lattices. Existing databases of lattices with small determinant ( [6] , [10], [9] ) contain some, but not all of the genera generated in dimensions 3, 4 and 5. For higher dimensions, only a small number of single-class lattices was found in a database ( [8] ) For the lattices which were not found, and could not be constructed as diagonal Z-lattices, we used the existing lattices databases as seeds for a construction heuristic based on orthogonal decomposition.
Let L denote a candidate single-class lattice, that is, sym(L) is known and fulfils the mass condition. 
for some lattice K, and to calculate sym(K).
In particular, whenever all single-class lattices in dimensions N < dim(L) are known and an orthogonal summand sym(K) of sym(L) has been found, then either K is single-class and Gram(K) has been constructed before, or K is not single-class and, hence, neither is L, and construction of L is unnecessary.
It is easy to check algorithmically for orthogonal summands of genus symbols. Most of the single class Z-lattices admit a non-trivial decomposition.
A large number of the genus symbols (or orthogonal summands thereof) encountered in the course of our constructions are represented by diagonal Z-lattices, making other construction attempts unnecessary. For the others, however, a more sophisticated strategy was needed.
Lemma 6.9. Given a genus symbol sym(L) of an odd Z-lattice L, the pre-image under the even sublattice map ev that maps L to L ev , its unique even sublattice of index 2, can be computed efficiently.
components, and dim(L 0 ) will change by 1 or 2 upon passing to the even sublattice, cf. [11, Table 2 ]. This leaves a (very) finite amount of possible symbols of pre-images under ev.
Corollary 6.10. Genus symbols can be constructed as lattices by passing to the preimage under ev, constructing one of the resulting symbols as a lattice and passing to its (unique) even sublattice.
The above observation is important since the pre-images under ev are often computationally "easier" than the original genera. In particular, it is often easier to find orthogonal summands of odd lattices. II . This turns out to be the symbol of a 7-dimensional single-class lattice, which sensibly will have been computed before starting the classification in dimension 8. Another method of decreasing a symbol's determinant is passing to a partial dual which is strongly primitive. Lemma 6.13. For a square-free lattice L, there is a subset {p 1 , . . . , p s } of {p ∈ P : p| det(L)} with the property that the rescaled partial dual rescale(L #,p1...ps ) is strongly primitive and has the smallest discriminant of all possible partial duals of L.
Proof. A rescaled partial dual at prime p has the same q-adic invariants for p = q ∈ P, and if
There are numerous other possible strategies for constructing lattices from genus symbols. Our decomposition strategy, combined with the above improvements, was found to be so effective that more specialized approaches were not needed. An implementation in Magma based on recursively trying every construction or decomposition step described above -until the lattice has either been constructed or an orthogonal summand with class-number > 1 has been found -is available on request.
Enumerating all single-class lattices
Lemma 7.1. Let K be a definite primitive lattice in dimension n ≥ 3, 2 = p ∈ P with p | det(K) and L ∈ Wat
with the factor p (L) where p ∈ P, we have:
Hence, the pre-images under Wat p can be found as L, V where V is some subspace of
Using Remark 3.2 and Lemma 7.1, and knowing the set SQF n of all primitive single-class square-free lattices in dimension n ≥ 3, we are now able to enumerate all primitive single-class lattices by subsequently executing the following algorithm for every L ∈ SQF n : Algorithm 7.3. Input: some primitive single-class lattice L Output: all primitive single-class lattices which can be transformed to L by repeated applications of Wat p mappings (1) return if sym(L) has been encountered before
is the bound obtained from Lemma 7.1(2) (4) for p ∈ S:
(a) calculate T := {sym(K) : p (sym(L)) is a local process that changes only the p-adic symbol and is easy to compute: the p i Jordan constituents for i = 1 are rescaled, and the p 1 constituent is split and redistributed to the p 0 and p 2 constituents. This computation is deterministic and ensures correctness of Algorithm 7.3.
Remark 7.5. In dimension 2, assuming D := disc(K) is known, we have disc(L) = p 2 D in the situation of Lemma 7.1, and a similar bound b 2 (p) can easily be obtained as
As a consequence, Algorithm 7.3 can be used in dimension 2. Thus, while -to our knowledge -there is still no way around GRH to classify the 2-dimensional single-class square-free lattices, GRH is not needed to complete the classification once the single-class square-free lattices are known.
Appendix A. Genera of single-class lattices 
, N the number of distinct genera Genus(L1), . . . , Genus(LN ) that can be obtained from L by passing to partial duals of L, and the quantities m1 of maximal lattices, and m2 of quadratic-form-maximal lattices (as defined in section 2) among these. If no subscript is present, both m1 and m2 are 0. 
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